An interesting consequence of string dualities is that they reveal situations where the geometry of a string background appears to be globally ill-defined, a phenomenon usually referred to as non-geometry. On the other hand, string theory contains extended objects with non-trivial monodromy around them, often dubbed defect or exotic branes in co-dimension two. We determine and examine the worldvolume actions and the couplings of certain such branes. In particular, based on specific chains of T and S-dualities, we derive the DBI and WZ actions, which describe the dynamics of type IIB fivebranes as well as their couplings to the appropriate gauge potentials associated to mixed symmetry tensors. Based on these actions we discuss how these branes act as sources of non-geometric fluxes. In one case this flux is what is usually termed Q flux, associated to a T-fold compactification, while in the S-dual case a type of non-geometry related to the Ramond-Ramond sector is encountered.
Introduction
String theory contains a plethora of extended objects apart from fundamental strings. The most important of them are Dp-branes, which are (1+p)-dimensional hypersurfaces charged under the Ramond-Ramond (RR) gauge potentials of type II superstring theories [1] . Moreover, they are dynamical objects with tension inversely proportional to the string coupling and hence provide an excellent window to non-perturbative aspects of string theory. Apart from Dp-branes, the type II superstring theories (as well as the heterotic strings) contain Neveu-Schwarz 5-branes (NS5). These extended objects couple magnetically to the NSNS gauge potential and as such they are the magnetic cousins of Fundamental strings (F1). At weak string coupling they are heavier than Dp-branes, in the sense that their tension is inversely proportional to the second power of the string coupling. Other standard extended objects are the Kaluza-Klein Monopoles (KKM), which couple to a Kaluza-Klein gauge field. All these objects were studied extensively over the past years.
The second wide window to non-perturbative string physics was opened by the discovery of string dualities [2] . Moreover, it was soon realized that the interplay between dualities and branes leads to a whole new family of extended objects, with Dp, NS5 and KKM being just a fraction of it [3] [4] [5] [6] . These new BPS-objects have codimension 2 and are obtained as orbits of the U-duality group. Some of them are even heavier than the NS5-brane, exhibiting a tension inversely proportional to the third or even fourth power of the string coupling. For a long time these branes were not much explored and remained in the shadow of more standard branes. Recent studies, however, suggest that such exotic branes have interesting properties and deserve more attention [7] [8] [9] [10] [11] [12] . The property of non-standard branes that we will be mainly concerned with in this paper is that they induce non-trivial monodromies around them that generate what is often termed non-geometry 1 [7] .
Non-geometry is another property of string theory whose origin is based on dualities. It was realized many years ago that performing T-dualities on known string backgrounds often leads to backgrounds which are not globally well-defined in terms of conventional geometric quantities [14] . A description of the full current status on the topic is beyond the scope of this paper. Here we would like to mention that one of the popular approaches to a better understanding of such setups is based on an attempt to geometrize the apparent nongeometric background in terms of a higher-dimensional geometry [15] . This method relies on the so-called doubled formalism, where an additional set of coordinates dual to the standard geometric ones is introduced. Such dual coordinates may be thought of as auxilliary (as in the case of twisted doubled tori [16, 17] ) or as fundamental, dynamical ones (as in double field theory [18, 19] 2 ). Another approach to the issue of non-geometry uses modern techniques inspired by generalized complex geometry [22] , where the structure group of the combined tangent and cotangent bundle coincides with the T-duality group. The set of geometric operations on the NSNS field content of the background, i.e. diffeomorphisms and gauge B-transformations, is extended to include β-transformations, associated to an antisymmetric 2-vector field which naturally appears in this extended formulation [23] . Simply stated, this essentially results in the implementation of T-dualities as geometric operations on the fields when they are patched after traversing a non-contractible loop in target space.
In the present paper we study some aspects of exotic fivebranes, in particular their dynamics, their couplings and their relations to non-geometry by deriving their effective worldvolume actions. The effective actions of Dp-branes are the well-known Dirac-Born-Infeld (DBI) action [24, 25] and the Wess-Zumino (WZ) action, which describe, respectively, the response of the brane to the NSNS-and the RR-sector of a supergravity background. Moreover, it implements T-duality in the sense that the T-dual action of a Dp-brane indeed gives the same action for a D(p±1) brane, depending on the direction that T-duality is performed.
Similar worldvolume actions exist for NS5-branes and KKMs [26, 27] . Moreover, the authors of Ref. [28] determined the worldvolume actions for some exotic 6-and 7-branes. In the present paper, following an approach similar to Ref. [27] , we determine the actions for the two exotic fivebranes of the type IIB superstring. The first is related via two T-dualities to the type IIB NS5-brane 3 (or, equivalently, via one T-duality to the type IIA KKM) and denoted 4 as 5 2 2 , while the second is obtained from the first upon S-duality and denoted as 5 2 3 . Although the worldvolume DBI actions may be determined in a rather straightforward way, the issue of determining the WZ couplings in the case of exotic branes is less trivial. These couplings are well-known for Dp-branes and were derived in [27] and [7] for NS5-branes. We will see that it is worth revisiting the NS5 couplings, and we will express them in a very compact form. More importantly, using the appropriate duality rules, we will determine the gauge potentials which couple to the exotic fivebranes. It turns out that these potentials are magnetic duals of the Kalb-Ramond field (for the 5 2 2 -brane) and the RR 2-form (for the 5 2 3 -brane), albeit not the standard magnetic duals to which the D5-and NS5-branes couple. Instead they can naturally be interpreted as higher rank forms that also carry vector indices. The role of exotic duals to standard gauge potentials in the study of non-standard branes was pointed out already in Ref. [8] from an alternative point of view. Our results support and clarify this role.
Having written down the worldvolume actions for the two exotic fivebranes, mutually related by S-duality, we discuss and clarify their relation to non-geometry [10] . In particular we argue that the first brane acts as a source for non-geometric Q flux, as expected from its interpretation as a T-fold in the supergravity picture. This result is based on a rewriting of the type IIB action in terms of suitable variables, similar to the one which was performed in Ref. [32] . This rewriting allows one to consider the bulk and worldvolume actions on equal footing and write down the corresponding modified Bianchi identity [10] . Another very interesting result is obtained for the second fivebrane, which is related to the previous one by S-duality. This brane acts as a source of what appears as some sort of non-geometric RR flux, a situation which has not been widely discussed in the literature (see however Refs. [35, 36] ). We discuss this RR non-geometry and argue that it is a very reasonable outcome, which has been slightly overlooked due to focus on T-duality and not S-duality which exchanges NSNS with RR potentials.
The paper is organised as follows. In section 2 we review the fivebranes of type IIB string theory and how they are related by string dualities. In section 3 we revisit the worldvolume actions for the NS5-brane. In section 4 we derive the DBI action for two exotic fivebranes, and in section 5 we derive their WZ action and discuss them as sources of non-geometric flux. In section 6 we summarize the results of this paper. 3 Note that the NS5-brane breaks the circle isometry relevant for T-duality unless it is smeared [29] . Nevertheless T-duality to the KKM remains valid also for the localized NS5-brane due to world sheet instanton corrections that lead to a localization of the KKM in winding space [30] . Further understanding emerges from the treatment in double field theory [31] , also for analogous issue regarding the 5 2 2 -brane [12] . 4 The notation is explained in section 2.
Preliminaries on dualities and branes
As mentioned in the introduction, string theory contains a plethora of extended objects apart from fundamental strings. Let us focus on the type II superstring theories. These contain a variety of Dp-branes, with p = 0, 2, 4, 6, 8 for the type IIA and p = −1, 1, 3, 5, 7 for the type IIB 5 . Dp-branes couple to the corresponding RR gauge potentials of these theories. In addition, both theories contain NS5-branes, which couple magnetically to the Kalb-Ramond field of the common sector of the two theories, as well as KK monopoles, which couple to abelian KK gauge fields arising from dimensional reduction.
The type II theories are exchanged under the action of T-duality, whereas the type IIB theory also features a strong-weak self-duality (S-duality). These stringy symmetries lead to new extended states, which were discovered and classified in Refs. [3] [4] [5] . These were revisited recently in Ref. [7, 10] , where it was shown that they are related to non-geometric backgrounds. In this paper, we study the dynamics and supergravity couplings of such branes by constructing their effective action and further clarify their connections to nongeometry.
While a generic treatment of all these states would certainly be very interesting, it might also obscure some of the details and the differences between the different types of branes. We will therefore make two restrictions in this paper. We focus (a) on the type IIB superstring theory, mainly because it also involves S-duality which will prove to be very interesting and leads to cases not much studied in the literature, and (b) on fivebranes of this theory. It will turn out that these branes are sufficient to study the properties that we are interested in and to reach a self-contained set of results.
The fivebrane states of the type IIB superstring are the D5-brane (5 1 ), the NS5-brane (5 2 ), the KKM (5 1 2 ) and two exotic states, the 5 2 2 -brane and the 5 2 3 -brane. We use the notation of Ref. [7] , where the main number denotes the amount of worldvolume directions (which is always 5 in this paper, unless otherwise stated), the lower index denotes the power of the inverse string coupling in the tension of the object and the upper index denotes the number of "special (NUT) transverse directions", on which the mass of the brane depends quadratically. Therefore we observe that this set of objects contains a lot of diversity both in their "non-perturbativity" (the power of inverse string coupling is 1,2 or 3)
6 and in the amount of special transverse directions (0, 1 or 2)
7 .
Let us now discuss how these branes are linked to each other by dualities. We begin with the D5-and the NS5-brane, which transform into each other under S-duality, as they form magnetic sources for the SL(2; Z) doublet of the RR-potential C 2 and the NSNS potential B. Next, the NS5-brane is linked to the KKM by two T-dualities, one along a transverse and one along a worldvolume direction (the former leads to the type IIA KKM, which T-dualizes to the type IIB KKM under the latter). Moreover, under two transverse Tdualities the NS5 is linked to the 5 2 2 -brane. The latter can also be obtained from the KKM under two T-dualities, one along a worldvolume and one along a transverse direction (the 5 Let us recall that the D8-brane is special and related to a massive deformation of type IIA supergravity. Moreover, the D7-brane is also special since it is not asymptotically flat [37] . 6 It should be mentioned that there are also branes with power 4. The duality chain of fivebranes in type IIB string theory. In the figure S denotes S-duality and T 2 denotes two T-dualities along the two directions of a torus.
Since we plan to discuss connections of the exotic branes to non-geometry, it is suggestive to make contact with the corresponding flux chain. The standard T-duality chain of fluxes can be written as
where the leftmost entry refers to a NSNS 3-form flux, which T-dualizes to a geometric flux (nilmanifold), while the other two entries, are commonly called non-geometric fluxes. In relation to the branes that we discuss here, the corresponding chain of fluxes reads as follows, where some of the T-dualities are also along directions without flux, 
S
Some remarks are in order here. First, the chain we discuss involves also S-dualities and therefore RR fluxes appear as well, in particular F 3 . This is not common in most discussions of non-geometric fluxes but it is important here because the rightmost entry of the chain can be viewed as a non-geometric RR flux, which we denoted by P [35, 36] . We will be more specific on this point later on. Furthermore, it should be noted that the chain related to the IIB fivebranes does not contain an entry associated to the so-called R flux. We will have nothing more to say on this point, apart from some comments in the final discussion.
It is also instructive to remember the supergravity solutions describing the above standard and non-standard branes. This will assist our discussion in section 5. The first three, D5, NS5 and KKM, may be found in standard textbooks (see e.g. Ref. [38] , chapter 18). The where the indices i, j run along the six directions of the worldvolume M D5 . The physical tension in string frame of the D5-brane is
being inversely proportional to the string coupling as for any Dp-brane. Here and in the following we set 2πα ′ = 1 since this dimensionful factor (with dimensions of (mass) −2 ) can always be reinserted by dimensional analysis. Moreover, let us recall that
are the pullbacks of the spacetime fields G and B by the 10D embedding coordinates X M of the brane. Finally,F
is the field strength of the worldvolume abelian gauge field living on the brane.
The D5-brane is also charged under the RR fields, in particular, it couples electrically to the RR gauge potential C 6 (or magnetically to the RR gauge potential C 2 ). Its couplings to C 6 and lower degree forms are determined by the Wess-Zumino action
where the bulk fields appearing in brane actions should always be interpreted as pullbacks of the respective 10D fields to the brane worldvolume (here denoted by M D5 ). In the last equality the polyform C = even i C i was used, and the notation | 6 indicates that the 6-form part of the expression is to be considered. µ D5 is the charge of the brane under C 6 . This action is obtained as the gauge invariant completion of the coupling to the RR potential C 6 . In particular,F 2 is defined asF
with the gauge transformation rules
Which makes the action gauge invariant under the Kalb-Ramond gauge transformation.
As we already mentioned, the D5-and NS5-branes are S-dual to one another. The relevant S-duality rules can be simply expressed as
where τ = C 0 + ie −φ is the type IIB axio-dilaton.
According to the above duality rules, the NS5 DBI action is
with
where C ij is the pullback of the corresponding supergravity potential and A 1 is the worldvolume gauge field, defined such that F 2 is gauge invariant. Under S-dualityF 2 transforms asF 2 S −→ −F 2 . Equivalently, we can write
The latter expression makes the non-perturbative nature of the NS5-brane more transparent, as the scaling of the physical tension with the inverse square of the string coupling becomes manifest,
The WZ couplings of the NS5-brane can be found as before by constructing the fully gauge invariant completion of the coupling
where B 6 is the magnetic dual of the Kalb-Ramond gauge potential (see eq. (B.15)). In order to carry out this task, we need to know the gauge transformation of B 6 . This is determined in the appendix (eq. (B.16)), and we repeat here the result,
where Λ 5 is a 5-form gauge parameter, and λ 1 , λ 3 are the 1-and 3-form gauge parameters associated with the gauge transformations of C 2 and C 4 , respectively. This dictates the couplings that have to be added in the WZ action in order to render it gauge invariant. This action may be written in polyform notation as before, defining the new polyform
We can now write
This action can be also obtained very easily by directly applying the S-duality rules to the action (3.3) (see appendix A). Indeed, B is the (negative) S-dual of the polyform C. This is the approach followed in Ref. [27] . The approach we employed here was used in Ref. [7] , albeit with different conventions for the gauge potentials (see appendix B).
Modified Bianchi identities.
The D5-and NS5-branes act as sources for RR and NSNS 3-form field strengths, respectively. Indeed, in their presence the corresponding Bianchi identities are modified, similar to what happens in standard electrodynamics in the presence of a magnetic source. For the NS5-brane the relevant terms are the kinetic term for the Kalb-Ramond potential and the corresponding leading WZ coupling, i.e.
The action is written in terms of the dual field strength H 7 , and the worldvolume term is lifted to ten dimensions by a 4-form δ 4 with support on the worldvolume. The variation with respect to B 6 yields the modified Bianchi identity for the NSNS 3-form, 13) where ⋆j
This shows that the NS5-brane is a localized source of NSNS flux.
DBI action of exotic fivebranes
Our aim here is to determine the analog of the DBI action of the 5 2 2 brane of the type IIB superstring, which is the double T-dual of the NS5 brane along two of its transverse dimensions, and of the 5 
T-duality rules
In the following, we consider a 5 2 2 -brane that is obtained by two T-dualities along two transverse directions of an NS5-brane. The worldvolumes of both branes are taken to be along the directions 034567, and we perform the two T-dualities along the directions 89, which form a two-torus. The resulting 5 2 2 -brane then has the transverse directions 1289 denoted by rθyz, with yz being the special transverse directions analogous to the one special NUT-like direction of the KKM.
We use the following KK ansatz for the metric 10 ,
where A m = A m µ dx µ are the two KK one forms. The indices m, n run over the directions yz of the compactified two-torus, µ, ν run over the rest, and we use capital indices M, N to denote ten-dimensional directions. Likewise we decompose the NSNS 2-form B as
In the following, it will often be useful to use the non-coordinate basis (dx µ , η m ) with
In this basis the metric takes the form
so that the determinant of the metric factorizes conveniently as
To rewrite the Kalb-Ramond field in the basis (dx µ , η m ), it is useful to introduce the 1-form
which is motivated by a simple transformation rule under T-duality (see below). We can now write B as (cf. [44] ),
The T-duality rules for the NSNS background fields under the combined T-dualities along the directions y and z are is T-duality invariant.
The T-duality rules for the RR potentials have to be determined as well. To this end, it turns out that it is also useful to work in the (dx µ , η m ) basis. Specifically, we define the following components,
which are the components of the RR potentials in this basis. The usual shorthand notation
ip is hereby employed. Then the following duality rules for these forms are obtained as,
The completely antisymetric tensor ǫ mn appearing in these expressions is defined to be such that ǫ yz = 1.
Finally we give the duality rules of the worldvolume scalars and gauge potentials relevant for the DBI actions. The degrees of freedom of each brane are given in table 1. The T-duality rule is simply
14) The degrees of freedom of the branes discussed in this paper. In all cases the worldvolume gauge potential carries 4 physical degrees of freedom and the worldvolume scalars carry 4 physical degrees of freedom representing the four transverse directions of the branes. Note that S-duality does not affect the worldvolume scalars, but does transform the worldvolume gauge fields as required for gauge invariance.
The 5
2 2 DBI action.
Using the above T-duality rules, we can calculate the DBI action of the 5 2 2 -brane. The key benefit of having written the metric and the forms in the (dx µ , η m ) basis is that the components of the fields transform nicely under T-duality. Furthermore, the pullback of η m transforms directly to a simple set of 1-formsη m , under T-duality,
whereX m denotes the T-dual of the corresponding worldvolume field.
At this stage the pullback of each field appearing in the NS5 worldvolume action can be easily transformed. The pullback of the metric takes the form
Moreover, the pullback of the 2-form is
We can now define the gauge invariant 2-form
which is the T-dual of F ij , defined in eq. (3.8). Finally, the axio-dilaton τ transforms to the dual modulusτ
where E mn = G mn + B mn as usual. The full DBI action for the 5 2 2 can now be written down and acquires the form
By noticing thatτ is proportional to e −φ we see that the above action has the expected g Using the S-duality rules (3.6) we can also write down the DBI action for the 5 2 3 -brane. We define 17) which are the symmetric and antisymmetric part, respectively, of the inverse of |τ |G mn − C mn to which E mn transforms. We then find
Furthermorẽ
We can now write down the DBI action for the 5
Here we can again extract the g s dependence of each factor and see that this action scales as g −3 s as expected.
WZ actions of exotic fivebranes and non-geometry
Having discussed the DBI action of the 5 2 2 -and 5 2 3 -branes, we now turn to their WZ actions. The WZ couplings we derive will make the interpretation of these branes as sources for non-geometric fluxes very transparent, complementing the effective supergravity analysis of [7, 10] . Moreover, they will clarify the meaning of the mixed symmetry forms that occur in group theoretical considerations [8] .
WZ actions of exotic fivebranes
Writing down the WZ action of the exotic brane involves the T-dualization of B 6 , the magnetic dual of B, that occurs in the WZ action of the NS5-brane. Let us recall that B 6 is defined by the non-local expression
where the dots represent the RR terms necessary for the consistent definition of B 6 . They are given explicitly in the appendix (eq. (B.15)) and lead to the non-trivial Bianchi identity,
which means that H 7 can be set equal to dB 6 only under the assumption that the RR fields vanish. Let us for the moment employ this simplification and neglect the RR terms; i.e. we use H 7 = dB 6 , keeping in mind that the expressions below are subject to corrections from the RR sector. Starting from the NS5-brane top-form coupling to B 6 it is clear that the 5 2 2 -brane couples to a magnetic dual of the double T-dual of B. We have seen in eq. (4.9-4.11) that the T-dual of B is a combination of fields from the NSNS sector, namely the B itself, the KK 1-forms A m µ and the internal metric G mn . Since T-duality mixes fields from the NSNS sector only, this means that B 6 maps under double T-duality to some magnetic dual of the above mentioned fields from the NSNS sector. We will see that this magnetic dual can be naturally described in terms of an 8-form B 2 8 with two vector indices (see also [8] ).
The KK monopole
As a warm up, let us begin by considering a single T-duality of B 6 which should give the top-form coupling to the type IIA KKM. The full WZ action for the KKM was worked out in detail in [26, 27] , but here we are only interested in the top-form coupling 11 . Consider the metric ansatz in eq. (4.1) where the internal indices m, n, . . . only take a single value, m = z, and the B field ansatz (cf. (4.4)) is
Since there is only one internal direction, z, the B mn of eq. (4.3) vanishes and θ zµ = B zµ . In order to obtain the magnetic dual B 6 , we first determine the field strength H = dB,
where we have defined the manifestly T-duality invariant 3-formĤ and used dη z = dA z . Note that, because of the assumed isometry in the z direction, none of the above differentials on the right hand side of eq. (5.2) have legs in the η z direction. With the current ansatz (4.1) for the metric the Hodge star factorizes and can be written in terms of⋆, the Hodge operator associated with the reduced metricĜ µν (cf. (4.1) ). Then
At this stage it is beneficial to define the projection operators
where ω p is any p-form. They are related throughP z ω p = P z ω p + A z ∧ ι z ω p . Here we have defined the contraction with the Killing vector ∂ z by ι z 12 . With the assumed Killing isometry we can make use of the fact that dι z ω p + ι z dω p = L z ω p = 0 to show that dP z ω p = P z dω p . Now we can decompose eq. (5.3)
We can now easily find the T-dual of ι z dB 6 . Using the fact that the combination e −2φ √ G zz is T-duality invariant, everything on the right hand side in eq. (5.5) is T-duality invariant, and we conclude that
We are interested in the components of B 6 that couple to a NS5-brane transverse to the z coordinate. This is the combination
In order to determine the top-form coupling to the KKM we need to T-dualize this, which can be done using (5.4) and (5.5). We calculate
where we have used the T-duality rules derived before. In the last step we have expressed the result in terms of the magnetic dual of A z . In the nine-dimensional theory this is a 6-form that is guaranteed to be exact by the equations of motion in the reduced theory. This is clear since the reduced theory is O (1, 1) invariant and the expression we start with, before performing the T-duality (5.7), is exact. From a ten-dimensional perspective this 6-form can naturally be interpreted as a contraction of a 7-form A z 7 , which is the ten-dimensional magnetic dual of the KK 1-form A z . We discuss the reduced theory and magnetic duals in more detail in appendix C. We then get the T-duality rule 8) which is valid up to closed forms (and RR-corrections). This rule agrees with the results of [27] , although a different but equivalent definition of A z 7 was used.
The 5 2 2 -brane
Let us now return to the 5 2 2 -brane. After having determined the T-duality rules for B 6 in the case of a single T-duality, the next step is a straightforward generalization. The B field ansatz becomes (4.4)
The field strength of B is then
whereĤ
10)
The magnetic dual can be expressed in terms of the fields of eqs. (5.10,5.11) as
We immediately see that under double T-duality,
Since we start with an NS5-brane that does not wrap the yz directions, the component of B 6 that couples to the brane is (1 − P z )(1 − P y )B 6 . The correponding field strength is
which dualizes under double T-duality to
where, as before,B
The indices onB mn are lifted because of its relation to B −1 . In this sense,B should not be interpreted as a 2-form, but as a 2-vector-valued scalar, with a field strength dB which is a 2-vector-valued 1-form. The form that couples to the 5 2 2 -brane in eq. (5.12) is a magnetic dual of this 2-vector-valued scalar which is also 2-vector-valued and has a natural ten-dimensional origin which we call B 2 8 for now. The superscript 2 indicates the number of vector indices. We therefore find the T-duality rule
where
14)
The reason we can be certain that the right hand side of equation (5.14) is closed is that it is T-dual to a closed expression. Just as for the KKM, this is a result of the equations of motion in the reduced theory. Since the reduced theory is O(2, 2) invariant, the equations of motion must also be satisfied in the dual frame and therefore the derivative of the expression on the right hand side of (5.14) must also vanish due to the equations of motion. This may also be verified explicitly using the equations of motion in the reduced theory but the calculation is not very illuminating so we don't perform it here. The rule (5.13) determines the top-form coupling to the 5 2 2 -brane. This result was predicted in [8] using different methods. Decomposing the adjoint representation of the U-duality group in terms of representations of the T-duality group the authors of [8] found more degrees of freedom than could be accounted for by just considering the metric, NSNS 2-form, the RR sector and their magnetic duals. They concluded that more than one type of magnetic dual exists for almost all fields, and this is precisely what we observe here. In [8] these different types of magnetic duals were explained with the use of mixed symmetry forms [48] . A mixed symmetry form [48] [49] [50] (see also Ref. [51] for a related review in a different context) is a tensor with two or more sets of antisymmetrized indices. For example a mixed symmetry form B 8,2 has at the same time 8 standard form indices and 2 additional form indices, i.e. the first 8 indices of B 8,2 are completely antisymmetric and the last two are also antisymmetric. According to [8] the brane 5 2 2 should couple to the form B 8,2 . Using the Buscher rules we have shown that the 5 2 2 indeed couples to a mixed symmetry form but the two additional indices should not be thought of as form indices but appear more naturally as vector indices. For this reason our notation includes superscripts in order to emphasize that these are indeed vector indices. It should be noted though that the 10D interpretation only makes sense in the presence of two isometry directions upon which no field depends.
Using S-duality we can determine the top-form coupling for the 5 2 3 -brane, which again will be written in terms of a contracted 8-form with two internal vector indices,
The definition of C 2 8 is found by S-dualizing eq. (5.14). At the linearized level this is
We do not include more terms in this expression, since it is very sensitive to the RR sector, which we truncated away before S-duality.
Modified Bianchi identity
In order to determine the modified Bianchi identities as a result of having a 5 where the latter integral is six-dimensional over the worldvolume of the brane and where we have only included the NSNS action
since we are interested in the coupling to the NSNS sector. In eq. (5.17), R is the curvature scalar.
Varying the combined action S is not straightforward, since they are essentially written in terms of different variables. The first step is to rewrite the NSNS action in terms of B by generalized complex geometry [22] . Let us recall that the above background fields may be collected in the so-called generalized metric,
where G and B are the 10D NSNS metric and 2-form respectively. However, in generalized geometry this is not the most general parametrization of the generalized metric. Indeed, a more general parametrization was used for example in Ref. [42] and reads as
In the latter expressions β = β mn ∂ m ∧∂ n is a 2-vector, which appears naturally in generalized geometry, and g and B are a pair of different metric and 2-form than those that appear in eq. (5.18). This expression is the most general under the assumption 13 Bβ = βB = 0. In fact, for the case under study, it is enough to set B = 0 and determine the background in terms of g and β only 14 . Inspired by this reparametrisation let us write
From this we calculate [32] 
which shows that the components of the fieldB, defined in eq. (4.9) are identical to the components of the 2-vector β along the isometry directions,
As discussed above β can be thought of as a 2-vector-valued scalar 15 with field strength . As for the rewriting of the NSNS action, this was essentially done in Ref. [32] (further approaches include [33, 34] ). The effective action is written in terms of the metric g in the β-parametrization of the generalized metric H, the corresponding modified dilatonφ and the field strength (5.21) of the two-vector,
The last term of this action is a total derivative which does not modify the equations of motion. Performing this variation, the modified Bianchi identity for Q 2 1 is determined to be It is directly observed that the presence of a 5 2 2 source turns on components of the field strength Q. This should be interpreted as a non-geometric flux in accord with the arguments of Ref. [32] . Indeed, the whole point of rewriting the NSNS action in terms of the new variables is that, unlike the standard bulk action, it is well-defined for non-geometric backgrounds. This is expected in view of the fact that the standard NSNS action is not duality invariant. Then the interpretation is that the legitimate form of the bulk action depends on the duality frame of the background, i.e. the standard action is valid for geometric backgrounds and the rewritten one for non-geometric ones. Note that such a correspondence was also observed in the framework of matrix model compactifications in Ref. [59] .
Finally, concerning the 5 2 3 -brane, a set of S-dual statements hold. The role ofB is now played byC, also a 2-vector-valued scalar with field strength
Although a rewriting of the supergravity action for the RR sector is not known and generalised complex geometry is not sufficient to account for this, it is anticipated from S-duality that the corresponding Bianchi identity is
We will argue in section 5.6 that this situation can be understood in the framework of extended generalised geometry. However, it should be kept in mind that a clear justification of this equation would be possible only after a successful reformulation of IIB supergravity in terms of the suitable variables. This is a task which deserves separate treatment and we will not perform it in the present paper.
Relation to non-geometry
The relation between exotic branes and non-geometric backgrounds was first suggested in Ref. [7, 10] , and can be understood as follows. From a lower-dimensional viewpoint (e.g. in three dimensions), supergravity scalar moduli undergo monodromies when they run around exotic point-particle states. These monodromies are essentially elements of the lower-dimensional U-duality group (e.g. E 8,8 (Z) in three dimensions) which arises upon toroidal dimensional reduction of the higher-dimensional theory. However, from a higherdimensional viewpoint these moduli are components of the supergravity fields (metric, NSNS and RR gauge potentials) and exotic states are codimension-2 extended objects. Then the lower-dimensional monodromies are seen by a "higher-dimensional observer" as a multivaluededness of the supergravity background. This phenomenon is one manifestation of what is usually termed non-geometry. The terminology stems from the fact that the background fields cannot be patched locally by standard geometric transition functions (diffeomorphisms for the metric, gauge transformations for the gauge potentials). In that sense they are globally ill-defined. In the brane picture, the background is mapped to a U-dual version when going around an exotic brane.
Given that non-geometry was first discussed in the context of flux compactifications, it is useful to examine the relation between the compactification picture and the brane picture. This is possible due to the fact that branes may also be considered as supergravity solutions. This is of course true for Dp-branes and NS5-branes, as well as for KKMs. Apart from these solutions, there also exist generalised KKMs [39] . The background fields for the 5 2 2 -brane are given by
H is a harmonic function and R y , R z are the radii of the two circles of a 2-torus. Clearly, the brane extends along 034567, the transverse corrdinates yz correspond to a 2-torus and we use polar coordinates in the directions 12 in accord with Ref. [7] . The multivaluededness of this solution is manifest. Indeed, as θ → θ + 2π all fields, the metric (its components in the yz directions), the dilaton and the NSNS potential (again the yz components) are not globally well-defined up to diffeomorphisms or gauge transformations. For example, since
we readily obtain
for any gauge transformation δB. The form of the NSNS potential is actually very suggestive. It is a more elaborate version of the usual illustrative example of a non-geometric background, where one starts with a 3-dimensional torus penetrated by NSNS flux. When two T-dualities are performed, the background fields cease to be globally well-defined. The result is what is usually termed a T-fold, because in order to patch fields on the manifold one has to use T-dualites as transition functions.
Using the background fields appearing in eq. (5.27), it is found that the yz components of the generalized metric are given explicitly by the following 4 × 4 matrix, 29) where the parametrization (5.18) was used. Note that there is nothing with a non-geometric flavour in the entries of this matrix. Non-geometry becomes apparent when the B field components are written down. However, the same generalized metric can be considered in the alternative parametrization of eq. (5.19). In that case, the result is (see also Ref. [40] ),
where we exhibit only the components in the yz directions, since the rest remains unaffected. Also, in this case B = 0. In generalized geometric terms this is a perfectly geometric expression under diffeomorphisms and β-gauge transformations. As such, this is understood as a geometrization of the apparently non-geometric background. This geometrization is based on the fact that in generalized geometry the structure group of the generalized bundle coincides with the T-duality group. Therefore T-dualities appear on equal footing with diffeomorphisms and gauge transformations of B in this framework. From eq. (5.21) it is found that the standard derivative of the β components is 32) which gives the Q flux, in accord with [32] .
In order to relate this solution to our previous discussion on the couplings, let us calculate the 8-form β It is directly observed that this field is globally well-defined, much like its dual β. The following remarks are in order here. First of all, we observe that the expressions for β and β 8 match with the corresponding ones for B and B 6 of the NS5 solution,
= Hdx 034567 .
Secondly, we would like to stress that it does not make sense to calculate the magnetic dual, B 6 , of the non-geometric B-field. Remember that B 6 is related to B with a nonlocal expression and therefore one might get unexpected results for B 6 when B is globally ill-defined. For example, the authors of Ref. [7] compute the standard dual B 6 of B for the 5 2 2 -brane and they find it ill-behaved. We have shown here that this situation is not encountered when the proper field variables, β and its magnetic dual, are used.
Let us briefly mention that a second way to understand the above issues goes through the doubled formalism. This suggests the introduction of a dual set of coordinates, sayx M (which may be understood as the Fourier duals for the winding numbers of the string in the same way that standard coordinates are the Fourier duals of its momenta). T-duality exchanges coordinates and dual coordinates much like it does for momenta and windings. From this "generalized T-duality" point of view there are no conventional Buscher rules. The 5 2 2 solution, as double T-dual along y and z of the NS5, is jusť These expressions are well-defined in the appropriate polarization of the doubled set of coordinates in the language of Ref. [16] . We are not going to elaborate further on the treatment of the brane worldvolume actions in this framework in the present paper. However, it is useful to point out that the eqs. (5.31) and (5.36) show the correspondence between the two approaches. When a globally ill-defined background is encountered one has to either transform to the bivector parametrization in generalized geometry or to the 2-form in dual coordinates in the doubled formalism. The components in both cases are exactly equal.
S-duality and RR non-geometry
Up to now we focused our attention to the 5 2 2 -brane and discussed its relation to NSNS non-geometry and the Q flux. It is very interesting to note that S-duality mediates nongeometry to the RR sector as well. Indeed, the 5 2 3 -brane is S-dual to the 5 2 2 one, which is a T-fold as discussed above. What is then the 5 2 3 -brane? In order to answer this question let us write down explicitly the corresponding supergravity solution [39] . It reads as
It is immediately observed that this is also a non-geometric background. The main focus in this case should be on the fact that a globally ill-defined RR gauge potential is encountered. This fact barely needs any further explanation; it is just the S-dual version of the Q flux non-geometry. The B is exchanged with C 2 and now for the latter holds that
where a gauge transformation for C 2 is
The global issues of this solution are expected to be resolved in a similar way as previously. However, one has to implement the RR sector into the discussion and therefore generalized geometry is not sufficient anymore. Extensions of generalized geometry to account for the RR sector and the full U-duality group were suggested in Refs. [53, 54] (see also [34, [55] [56] [57] [58] ). In this exceptional (or extended) generalized geometry setting, the structure group of the generalized bundle is extended from the T-duality group to the U-duality one. In such terms, we have to consider a new 2-vector
and the associated γ-transformations. Such quantities were considered in Ref. [36] and studied further in Ref. [35] using group-theoretical techniques. In the context of what we have considered in this paper, the components of this 2-vector are equal to the ones ofC, defined in (4.17) and being the S-dual ofB, i.e.
The flux associated to this solution is given by the derivative of γ with respect to θ and we denote it by P , as in Refs. [35, 36] ,
This is the RR analogue of the Q flux. They have the same index structure and number of components. As such, P is to In order to avoid confusion, let us note that the middle entry f refers here to the type IIA theory.
The above discussion shows that the 5 2 3 -brane is a U-fold associated to structures that appeared before in the context of exceptional generalised geometry.
Discussion
Summary of results. Non-standard branes are very interesting BPS states of string theory originating from string dualities. They are generically heavier than the standard Dp-branes, exhibiting a wide range of power dependencies on the inverse string coupling as well as a number of NUT type transverse directions. What is more, they induce non-trivial monodromies around them, an effect that leads to interesting consequences; in particular they correspond to some of the so-called non-geometric string backgrounds. In the present paper we studied some aspects of the physics of such non-standard branes. Focusing on the type IIB superstring and in particular on the fivebranes of this theory, we first revisited the worldvolume actions of the standard fivebranes (the NS5-brane and the Kaluza-Klein monopole) and expressed them in a compact form. Subsequently, we derived and applied the appropriate set of duality rules (including T and S-duality) with the aim of determining the analogs of the DBI action for non-standard fivebranes. These actions appear in section 4 and they can be useful in a further study of the dynamics of such branes. A very interesting question concerns the couplings of these branes and their role as sources in the type IIB theory. In section 5 we clarified these couplings up to contributions from the RR sector. In particular, we showed that one of the exotic fivebranes, the 5 2 2 , couples to an exotic magnetic dual of the Kalb-Ramond field, in accord with previous expectations. Together with a rewriting of the bulk NSNS action, we utilized this coupling to derive a modified Bianchi identity. This leads to the result that the 5 2 2 -brane is a source of nongeometric Q flux. The analogous treatment for the second exotic fivebrane of type IIB leads to its coupling to an exotic dual of the RR 2-form and a corresponding modified Bianchi identity. The latter renders the 5 2 3 -brane a source of non-geometric RR flux, which we call P. Finally, we examined the connection among the above brane picture and the more familiar picture of flux compactifications. As advocated before in the literature, nonstandard branes correspond to U-folds, the latter being spaces which allow patching of fields with U-duality transformations. We examined in some detail this relation from the point of view of generalized complex geometry for the 5 2 2 -brane. Moreover, we discussed a similar treatment within a broader context of extended generalized geometry for its S-dual 5 2 3 -brane and advocated for a relation of the latter to non-geometric RR flux. The relation between the brane picture and the flux compactification picture may be summarized in the following diagram,
The upper row depicts the compactification picture with the associated fluxes in each duality frame. The lower row depicts the fivebranes that we studied and their relation through dualities. Most importantly, the vertical arrows connect the corresponding entries of each row in the sense that each brane is a source of each type of flux.
Limitations. There exist a number of limitations of our results that should be well kept in mind. First of all, the gauge completion of the leading coupling in the WZ action for the exotic branes is not a trivial task. In order to perform it, one should know how the corresponding mixed symmetry fields appear in the supergravity actions. Although we took some steps in this direction, one would need a full reformulation of the standard type II supergravities in terms of these fields, which is still lacking. Secondly, the nonstandard branes that we considered in this paper do not have finite energy density as single objects in flat space. This is not surprising in view of similar features associated to more standard branes. In particular, the D7-brane (also a co-dimension-2 object) exhibits the same behaviour [37] . In addition, branes such as the KKM have special NUT-like direction that require circular isometry and cannot be made non-compact. Non-standard branes essentially carry both problematic aspects as single objects, being at the same time codimension-2 and having several special directions as well 16 . Therefore, a more consistent study of such branes should involve some additional mechanism, either involving angular momentum (as in Ref. [7] ) or a generalized Myers effect (which demands knowledge of non-abelian couplings of several coincident branes). Moreover, it should be mentioned that our derivations reside fully on duality rules. In this sense the worldvolume actions for all but the Dp-branes cannot be directly associated to a worldsheet computation and therefore corrections are harder to determine. Finally, we would like to remind that branes associated to the so-called R flux were not considered here (see Ref. [10] for a discussion on a possible description of such branes). Although it remains unclear to us how to treat such branes with the methods used in this paper, the experience from flux compactifications points to co-dimension-1 branes (recall that D8 is co-dimension-1 too). These "domain wall branes" were classified in Ref. [52] and it would be interesting to examine potential relations to R-type non-geometric fluxes.
In the paper we encounter objects that carry vector indices. In that case the number of vector indices are denoted with a superscript. The superscript is also omitted for commonly used objects or when the components are written out explicitly. For the above conventions the WZ terms of Dp-branes take the form
and the T-duality rules agree with those of Myers [60] , except for a flipped sign of B. Here we have used the symbol | p to denote that only the p form of the corresponding polyform should be considered.
In the paper we use the following KK decomposition of the metric 
For the KK ansatz (A.2) the Hodge star has a simple decomposition, for example when d = 1 we get for a p-form ω p =ω p + ω p−1 ∧ η z (we let z label the isometry direction, the 9-th coordinate,)
where⋆ is the reduced Hodge star operator associated with the metricĜ.
B Gauge transformations and S-duality in type IIB
Let us consider type IIB supergravity. It contains the Kalb-Ramond potential B with field strength dH = 0 ⇒ H = dB (B.1) and the Ramond-Ramond potentials C 0 , C 2 , C 4 , C 6 , C 8 . The equations of the theory may be written as Bianchi identities. In the conventions we use, the equations for the field strengths take the form dF 1 = 0, dF 3 = −F 1 ∧ H, dF 5 = −F 3 ∧ H, dF 7 = −F 5 ∧ H,
In addition, these field strengths must be gauge invariant. This property allows us to determine the gauge transformation rules of the corresponding gauge potentials. In the simplest case of the Kalb-Ramond field, gauge invariance gives
where Λ 1 is the gauge transformation parameter and it is an 1-form. In general, we denote gauge parameters as Λ p and λ p , where the capital ones are reserved for B and its magnetic dual and lower case ones are used for the RR potentials. The index p declares the degree of the form.
The field strength of C 0 is This is for example the definition used in Ref. [61] . In this case we obtain
This is in agreement with the conventions of Ref. [27] and moreover it has a flavour of S-duality, unlike the previous expression. Of course, the choices are equivalent, since they both solve the same Bianchi identity. In this paper we are going to use the former choice.
Finally, we need the gauge transformation of C 6 , which is the form that couples (electrically) to the D5-brane. Its curvature may be defined as which are both consistent with the corresponding Bianchi identity, the latter being consistent when F 5 is defined through the expression (B.9). As before, we are using the former expression. This leads to the following gauge transformation, This equation is solved by the following field strength,
Subsequently, imposing the gauge invariance of H 7 ,
we determine the gauge transformation of the B 6 to be
where Λ 5 is a 5-form gauge parameter.
For completeness we list here the S-duality rules using the above conventions, however we omit the S-duality relation for C 8 since we do not use it in this paper. These relations read as follows, where τ = C 0 + ie −φ is the type IIB axio-dilaton. Using these rules we can easily write down the mapping of the polyform C under S-duality, where d denotes the dimension of the space which we reduce on, ThenĤ can be neatly expressed aŝ
C Reduced action and magnetic duals
Variation of the action (C.2) with respect to A gives the equations of motion 
